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Ramanujan’s Congruences for p(n)

Ramanujan’s congruences

Theorem (Ramanujan)

For every n, we have that

p(5n + 4) is a multiple of 5,

p(7n + 5) is a multiple of 7,

p(11n + 6) is a multiple of 11.
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...

...
...

...
...

2500 30.2 17.8 12.4 9.6 7.7 6.7 5.7 5.0 4.6
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Data (Percentages)

X F1 F2 F3 F4 F5 F6 F7 F8 F9

10 40 20 20 0 10 0 10 0 0
20 35 20 15 10 10 0 10 0 0
...

...
...

...
...

...
...

...
...

...
100 33 16 14 9 7 6 7 5 3
...

...
...

...
...

...
...

...
...

...
1000 30.6 17.6 12.7 9.4 7.6 6.8 5.7 5.2 4.4

...
...

...
...

...
...

...
...

...
...

2500 30.2 17.8 12.4 9.6 7.7 6.7 5.7 5.0 4.6
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What is going on?

Question

Do we recognize the numbers

30.2, 17.8, 12.4, 9.6, 7.7, 6.7, 5.7, 5.0, 4.6?
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The “first digits” of p(n)

The theorem

Theorem (Anderson, Rolen, Stoehr)

If Fb := limX→+∞ Fb(X ), then

Fb =



30.1% if b = 1,

17.6% if b = 2,

12.4% if b = 3,

9.69% if b = 4,

7.91% if b = 5,

6.69% if b = 6,

5.79% if b = 7,

5.11% if b = 8,

4.57% if b = 9.
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The “first digits” of p(n)

Why is this theorem true?

log10(2)− 0 = 0.3010 . . .

log10(3)− log10(2) = 0.176 . . .

log10(4)− log10(3) = 0.124 . . .

log10(5)− log10(4) = 0.0969 . . .

log10(6)− log10(5) = 0.0791 . . .

log10(7)− log10(6) = 0.0669 . . .

log10(8)− log10(7) = 0.0579 . . .

log10(9)− log10(8) = 0.0511 . . .

log10(10)− log10(9) = 0.0457 . . . .
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The “first digits” of p(n)

Why is this theorem true?

Consider p(32) = 8349.

Writing in scientific notation we get:

p(32) = 8.349× 103.

Therefore, we find that

log10(p(32)) = log10(8.349) + log10(103) = log10(8.349) + 3.

Ignore the 3, and let p∗(32) = log10(8.349) = 0.9216 . . . .
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The “first digits” of p(n)

Why is this theorem true?

For every p(n) we get 0 < p∗(n) < 1.

The first digit is 1 only when p∗(n) < log10(2) = 0.3010 . . . .

The first digit is 2 only when

log10(2) ≤ p∗(n) < log10(3),

and so on. . .
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Why is this theorem true?

Notice the “uneven” plot of

0, log10(2), . . . , log10(9), 1.

(Benford’s Law): Imagine throwing “darts”.
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Ramanujan’s asymptotic gives precise information on p(n),
and consequently p∗(n).

Weyl gave a “randomness criterion”, which we can now verify.
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Ramanujan’s Legacy for Adding and Counting

The “size” and rapid growth of p(n).

The divisibility properties of p(n).

The phenomenon of “first digits”.
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