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e Recall that given a sequence (r, : n € N) of real numbers, a
Lyon 1 real number r is the /limit of the sequence if for all e > 0
Limits there is n. such that |r — ry| < e for all n > n..

Similarly, for any sequence (7, : n € N) in R", a vector 7 is
the limit of the sequence if for all ¢ > 0 there is n, such that
|F —ra|| < eforalln> ne.

This can be generalized to any metric space, and in fact to
any topological space X: A point P € X is a limit of the
sequence (P, : n € N) if for any neighbourhood O of P
there is no € N such that P; € © for all n > ng.
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Limits

Existence

However, not all sequences have a limit. For instance, the
sequence (1 : n e N)in (0, 1] does not have a limit in (0, 1].
Similarly, a sequence of rational numbers approaching =
does not have a limit in Q.

In the above examples it is easy just to add the limit point to
the ambient space. This is slightly more difficult for the
sequence (n: ne€ N)in N (or R): One has to add a suitable
point at infinity. However, some sequences such as
((=1)": n e N) just do not have a limit.

To some extent this may be remedied via the notion of an
accumulation point: P is an accumulation point of the
sequence (P, : n € N) if any neighbourhood O of P
contains infinitely many points of the sequence.

However, we would like to have a method to somehow
choose a particular limit point.




Ultrafilters

el Let / be a set (of indices), for instance / = N. A non-empty

asymptotics,

a"tfw[gfge' collection § of subsets of / is called a filter if it satisfies:
mlfXeFand X C Y C/ thenY e3.

F. O. Wagner

Lyon 1 [ ] Ifxegand Yeg, then XOYGg
m)¢3.
Ultrafitters It is an ultrafilter if in addition

m Forany X C /,either X e For I\ X € F.
For instance, for any x € / the collection

(XCl:xeX)

forms an ultrafilter, the principal ultrafilter generated by x.
If I'is infinite, then the collection of co-finite subsets of /
forms a filter, the Frechet filter on |I.

It follows from the axiom of choice that every filter can be
completed to an ultrafilter. In fact, this condition is slightly
weaker than the axiom of choice.
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e Now let X be a closed an bounded subset of R” (or more
ISl generally a compact Hausdorff topological space). Consider
a sequence (P; : i € I). Then any non-principal ultrafilter
on I determines a unique point Py € X such that for any

neighbourhood O of Py the set

Ultrafilters

{iel:Peo)

is in L. This point is the limit of the sequence along 4.

We now want to do such a limit construction not only for
points in a compact space, but for arbitrary mathematical
structures.
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and model A structure 9t is just a set M, its domain, together with
SN some functions {f™ i€ I} and some relations

Lyon 1 {R™M: i € b} of arbitrary finite arity.
The relations are supposed to include equality, although this
will not be mentioned explicitly.

Elements of We can also name some particular constants {¢™ : i € b},
el although we shall be allowed to use any element of M as
parameter.
The set

ﬁZ{C,'SI.E/o}U{f,'ZI'GH}U{R,'ZI'E/Q}

of (symbols for the) functions, relations and constants forms
the language of the structure 91.
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Elements of - A graph <V’ E>

Model Theory m A partial order (X, <).

A group <G’ 17 ) _1>

m An ordered field (K,0,1,+, —, -, <).
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F.O. Wagner logical connectives —, A, V, —, <
yon 1 . . . . e . . . . .
(negation, conjunction, disjunction, implication, equivalence)
and quantifiers Vv, 3 (universal, existential),

we can build meaningful statements called formulas.

Elements of

L A formula without free variables is a sentence.
These formulas are interpreted in 9t in the natural way.

If o(X) is a formula with free variables x and m a tuple of
elements of 9t of the same length, then ¢(m) is a sentence,
canonically interpreted in 9t (and hence either true or false).

Note that we can only quantify over the elements of M.
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An equivalence relation.
m Vx E(x,x).
m VxvVy (E(x,y) — E(y,x)).
m Vxvyvz ((E(x,y) A E(y,2)) = E(x,2)).
Clomente of A partial order.
Model Theory m VX (X < X).
BYXVy (X<yAy<x)—=x=y).
BYXVYWZ (X<yAy<2z)—x<2).

HE A group.
mVXYyWz (x-y)-z=x-(y-2).
BYx (x-xT=1Ax"".-x=1)

BYXx (Xx-1=xA1-Xx=X)
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VxVy3zy...3zp (Xx=21 Ny =2zp A /\ E(zi,zi41))
i<n
says that the graph is connected of diameter at most n.
The sentence
Elements of

Model Theory
—3Xp ... 3dXp /\ Xi < Xjt1

i<n
signifies that the partial order has height n, i.e. there
are no chains of length n+ 1.
The sentence
VX X-x---x=1
—_——
ntimes
tells us that the group has exponent dividing n.
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ool However, in the previous sentences

VxVy3dzy...3zp (Xx=2z1 ANy =2zp A /\ E(zj,zi1))

i<n

—3dxg . ..dXp /\X,‘ < Xj1
El ts of ;
Mzcrineelljl'fsleoory I<n
VX X X X=1
—_——
ntimes

we cannot quantify over n. In particular, we cannot easily
express that a graph is connected, that a partial order has
finite height, or that a group has finite exponent.

In fact, this is outright impossible, due to the so-called
compactness theorem.



Finite products

el Given two groups Gy and Go, we can form the direct product

asymptotics,
and model

theory Gy x Go = {(g, h) 01 € G1,gg € Gg}

BSER  with group multiplication

(91,92) - (01, 92) = (91 - 91, 92" %a)-
It is again a group.
Similarly, for two rings Ry and R», we can from the direct
Ultraproducts product Ry x R> where addition and multiplication is
componentwise. It is again a ring.
If Ry and R are fields, the direct product is not a field, but
only a ring.
We can divide out by a maximal ideal / and obtain a field
(R1 x Ra)/1. If Gy and G are simple groups, we can divide
out by a maximal normal subgroup N and obtain a simple
group (G; x G2)/N. However, the resulting object will be
isomorphic to one of the coordinates.
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F. O. Wagner H Gi = {(gl : IE I) : gi € Gi for a” I € I}

Lyon 1 icl

or

[[R={(ri:iel:reRforalicl

iel
with componentwise additon and/or multiplication. We may
again divide out by a normal subgroup/maximal ideal, but
the properties of the resulting group/ring quotient will
depend heavily on the normal subgroup/ideal chosen, and it
is not onvious which one to choose to obtain a particular
property.
Moreover, we should like to form a product of arbitrary
structures, not just algebraic ones.

Ultraproducts



Ultraproducts

preell Lot {901 : / € [} be a family of structures in the same
A model language £, and 4l an ultrafilter on /.

SN The ultraproduct [ [, 2t/ will be the following structure:

Lyon 1 m The domain of M is the product [ [;., M; modulo the

equivalence relation ~ given by:
(@gi:iel)y~(bj:iel)ifandonlyif{iel:a = b} €l
The class of a tuple (g; : i € I) modulo ~ is denoted by [aj],.

SLGriealEs m For a constant symbol ¢ € £ we interpret ¢ in 91t by
Dﬂ/]
IE

c™=[c
m For an n-ary function symbol f € £ we put
(@l [afl) = [ el
m For an n-ary relation symbol R € £ we define R™ as
{(aall,....,[an)em :{iel:(al,...,a" e R} e u}.
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equivalence relation, and that the functions " and relations
R™ are well-defined and do not depend on the
representative chosen for its argument. This follows easily

from the filter properties of 4l.

el I $(is the principal ultrafilter generated by iy, then [T, 9%, /4
is canonically isomorphic to 9t;,.

If all 99; are equal, the diagonal map m — [m], gives a
canonical embedding of 9t into M.
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BN Let Mt = [],201;/4 be the ultraproduct of a family (90 : 7 € /)
Lyon 1 of L-structures modulo the ultrafilter L on /.

Consider a formula ¢(x1, . .., x,) with free variables

Xi,...,Xn, and an n-tuple ([m}],,...,[m"],) of elements of

.

Theorem (Los)

tos’ Theorem

The sentence ¢(Im];, ..., [mP;) is true in M if and only if

{iel:o(m},... ,m"istrueind;} e 4.
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tos’ Theorem

Corollaries

It follows that if (almost) all structures 9t; have a property
expressible in the language £ by a sentence or a collection
of sentences, then any ultraproduct [ [,9t;/4 again has this
property.

In particular, an ultraproduct of algebraically closed fields is
again an algebraically closed field, and an ultraproduct of
real closed fields is again real closed.

If m; and n; have distance i in the graph 9;, then [m;]; and
[ni]; have infinite distance in the graph [, 9t;/4;

if g has order i in the group G, then [h;]; has infinite order
in the group [, G;/ (unless 4 is principal).

This shows that connectivity or finite exponent is not
expressible by a formula or a set of formulas (unless the
diameter or the exponent is bounded).
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e The compactness theorem is the most fundamental
Lyon 1 theorem in model theory and is used practically everywhere.

Let ® be a collection of sentences.
We shall say that a structure 9t is a model of ¢ if every
sentence of @ is true in M.

Theorem (Compactness)

CZEEl A collection © of sentences has a model if and only if every
finite subcollection has a model.

The direction from left to right is obvious.
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Theorem (Completeness)

® has a model if and only if & is consistent.

The Compactness Theorem is an easy consequence of the
Completeness Theorem:

If & has no model, then it is inconsistent and there is a proof
of inconsistency from ®. This proof uses only finitely many
hypotheses ¢y C ®, so g is inconsistent and does not
have a model.

Conversely, the Completeness Theorem can be deduced
from the Compactness Theorem.

Compactness
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F. 0. Wagner Let / be the collection of finite subsets of ®. By hypothesis,
for every i € | there is a model 9, of /. Let § be the filter
generated by the sets

li={jel:iCj}
for i € I. Note that /; N /; = I ;, so this generates indeed a
o filter. Let 4 be an ultrafilter extending §, and Mt = ][, 90;/4l.

If o € ®, then ¢ is true in M; for all i € I, Since
Iy € § C U, by kos’ Theorem ¢ is true in 971.
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B  Let 4l be a non-principal ultrafilter on N. Put

N =[]/
N

This is a non-standard model of the natural numbers; an
element n* € N* \ N is called a non-standard integer.
Compactness For instance, the element [n!]y is greater than every
(standard) integer, and divisible by all (standard) prime
numbers.



Examples

e Put R = [T /L.

a"tfw[gfge' This is a non-standard model of the real numbers; an
SN clement r* € R* \ R is called a non-standard real.

Lyon 1 For instance, the element ¢ = [,l,]N is strictly positive but
smaller than 1} for all (standard) k > 0, a so-called
infinitesimal element.

An element of R* is bounded if there is r € R with |r*| < r;
since R is complete, for every bounded non-standard real r*
there is a unique standard real st(r*) € R infinitesimally
close to r*. The map st is the standard part map.

A function f : R — R gives rise to a function f* : R* — R*.
Then f is derivable at x if and only if

o (f*(x+e) - f*(x)) 0

€

Compactness

does not depend on the infinitesimal e.
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Let K, be an algebraically closed field of characteristic p, for

F. O. Wagner

Lyon 1 instance the algebraic closure of Z/pZ. If ilis a
non-principal ultrafilter on the set 9§ of primes, put
K=]]Ko/tt
B

This is an algebraically closed field of characteristic zero. If
It all K, are countable, K is of size continuum, and hence
isomorphic to the complex numbers C.

It follows that a sentence is true in C if and only if it is true in
all but finitely many K, (transfer principle).



Pseudo-finite structures

Ultraproducts,
asymptotics,
and model

theory An L-structure M is pseudo-finite if it is infinite and satisfies

F. O. Wagner all sentences true in all finite £-structures.
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Examples of such sentences:
m An injective function from a set to itself is surjective.

m A partially ordered set has minimal and maximal
elements.

m A totally ordered set has a maximum and a minimum.

Theorem

Pseudo-
finiteness

A stucture is pseudo-finite if and only if it satisfies the same
sentences as some ultraproduct of finite structures.
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Ty The first use of pseudo-finiteness was in Ax’
el characterization of the asymptotic theory of finite fields.

Lyon 1

A field K of characteristic p is perfect if every element has a
(unique) p-th root.

K is pseudo-algebraically closed if every variety which is
irreducible over the algebraic closure K has a K-rational
point.

Theorem (Ax)

Pseudo-

finiteness A field K is pseudofinite if and only if it is perfect,

pseudo-algebraically closed, and has exactly one extension
of degree n for every n > 0.
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Given an ultraproduct 9t = [, 9t;/4, a subset A of Mt is
internal if it is of the form [, A; /4l for some sequence of
subsets A; C M.

Internal sets of R* and N* are one of the main tools of
non-standard analysis.

Pseudo-

finiteness
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ORI )t = [ [, 901;/4L, then the cardinality n(A;) is finite for almost

e all i. We define the non-standard cardinality of A to be the
non-standard integer

n*(A) = [n(A)],; € N* = HN/LL

It quantifies the growth rate of (n(A;) : i € I).

Pseudo- The non-standard cardinality is invariant under internal
fnfeness bijections: If o; : A; — B is a bijection in 9; for all i € I, then
o =1]],0i/4: A— B is a bijection in 9t preserving
cardinality.



Measure

Ultraprodqcts,
sl |f A is an ultraproduct, an internal measure on M is a finitely
h oy . .
: : f;"y additive map from the collection of all internal subsets of M
O. Wagner

Lyon | to RZ% U {0}, i.e. for all disjoint internal subsets A, B of M

(AU B) = u(A) + u(B).

The union of a countable family of internal sets is in general
not internal, so we cannot ask for countable additivity.
Clearly for any pseudo-finite A, the map

F“s‘eudo- _ n* ( B)
finiteness M(B) = st <n*(A)>

is an internal measure on A with p(A) = 1.
In particular, a pseudo-finite group is internally amenable.



Approximate subgroups

el Let G be a group. A subset A of G is symmetricif 1 € A and
asymptotics,

e ol ac Aimplies a ' € A. A symmetric subset Ais a
k-approximate subgroup of G if

A ={a-d adcA}

is covered by k-left translates of A.

A subset is a 1-approximate subgroup if and only if it is a
real subgroup.

A d-dimensional symmetric arithmetic progession

F. O. Wagner
Lyon 1

{k1b1+---+kdbd:—n,-§k,-§n,-for1 Slgd}

is a 29-approximate subgroup. This can be generalized to

Approximate

subgroups the nilpotent case, the so-called nilprogressions.

Breuillard, Green and Tao have recently classified finite
approximate subgroups. They show that they are essentially
an extension of a nilprogression by a real subgroup.
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The classification theorem implies Gromov’s theorem on
groups of polynomial growth.

In fact, the proofs of either theorem proceed by first
constructing a homomorphism into a finite-dimensional real
Lie group. This homomorphism can be obtained via an
ultraproduct construction.

Approximate
subgroups
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One first considers a sequence (G;, A; : i € N) of
k-approximate subgroups with n(A;) — oc.

If 4L is a non-principal ultrafilter on N, the ultraproduct
A =], A/l is a pseudo-finite k-approximate subgroup of
G=1],G/s.

One then constructs of sequence (X; : j € N) of internal
symmetric subsets of A* such that

(XP) C X

and p(X;) > 0 for all j € N, where . is the internal measure
normalized at A. Then N = [,y X; is an actual normal
subgroup of (A).
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theory We can define a topology on (A)/N whose closed sets are
Foare  those whose pre-image in (A) are the whole set, or
on intersections of internal sets.

The condition that ;(X;) > 0 for all j € N yields that the
topology is locally compact. The characterization of locally
compact groups allows us to modify A and N slightly, so that
the locally compact quotient becomes a finite-dimensional
real Lie group.

Now pseudo-finiteness is used (in a highly non-trivial way)
to show that the Lie group is nilpotent, and A/N is a

Approximate

subgroups non-standard nilprogression. Pulling back to the A; yields
the result.
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